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Abstract: Functionally graded structural materials have been used with increasing intensity in various 

applications in different areas of up-to-date engineering during recent decades. This can be explained with 

excellent properties of these materials. Besides, the quickly developing technologies for producing different 

kinds of functionally graded materials also represent an important factor for increasing the application of these 

innovative materials. Using these materials for manufacturing moving components of various mechanisms and 

devices requires performing of analyses of the behavior of the components under inertia loadings. Developing 

fracture analysis under inertia loadings is very important in the context of safety and reliability. In view of this, 

the current paper is concerned with analyzing of a particular aspect of fracture, namely the effect of variable 

mass density on lengthwise fracture behavior of functionally graded beams moving in horizontal direction. The 

mass density varies along both thickness and length of the beam. The latter is under inertia loading due to beam 

acceleration in horizontal direction. The inertial loading of the beam is a continuous function of both thickness 

and length coordinates. The beam has non-linear viscoelastic behavior. The lengthwise fracture problem is 

treated by using the J integral method. A check-up is performed by analyzing the strain energy release rate. It is 

explored how the lengthwise fracture is influenced by the variable mass density and other parameters of the 

model.       
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Introduction 

 

Functionally graded materials made by mixing of two or more constituents represent modern and highly 

efficient continuously inhomogeneous composites (Gandra et al., 2011; Mahamood & Akinlabi, 2017). One of 

the important advantages of functionally graded materials is that their properties change continuously in a solid. 

Besides, the change of their properties can be designed for achieving of certain goals (for instance, the goal can 

be strengthening of more heavily loaded parts of an engineering structure). With developing of the technologies 

for producing of these materials the area of their application quickly expands (Radhika et al., 2020; Shrikantha 

Rao & Gangadharan, 2014). The excellent properties of functionally graded materials allow construction of 

various structural members and components of different mechanisms and machines which in many cases are 

superior compared to those built-up by traditional homogeneous engineering materials (Fanani et al., 2021; 

Hedia et al., 2014; Wu et al., 2014).    

     

The increasing use of functionally graded structural members and components in applications where they are 

involved in different mechanical motions requires performing detailed analyses of their fracture behavior under 

various inertia loadings. The practice indicates that fracture behavior is of primary importance for load-bearing 

capacity and safety of structures. Since functionally graded structures may be constructed layer-by-layer, they 

are prone to lengthwise fracture, i.e. appearance of lengthwise cracks (Dolgov, 2024; Mahamood & Akinlabi, 

2017; Rizov & Altenbach, 2019; Rizov, 2024). In many situations these lengthwise cracks are the cause of 

structural failure under inertia loading. All this shows that studying of lengthwise fracturerepresentural 
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components subjected to different inertia loadings represents a problem of great meaning for both theoretical 

science and engineering practice.  

        

In this context, the current paper is dealing with analysis of lengthwise fracture in a functionally graded beam 

structure that is moving in horizontal direction. The beam acted upon by inertial loading has non-linear 

viscoelastic behavior. One of the main purposes is to examine the effect of variable mass density on the 

lengthwise fracture (since the beam is functionally graded along thickness and length, the mass density varies 

continuously in both thickness and length directions). The lengthwise fracture is analyzed by the integral J. For 

this purpose, the acceleration induced inertia loading is determined and applied on the beam when solving the 

integral J. The viscoelastic behavior of the beam is treated by a non-linear modification of the Maxwell model. 

In this relation, the stress-strain-time law of the model under time-dependent stress is derived. A check-up of the 

integral J is performed by analyzing the strain energy release rate in the beam under inertia loading. The results 

obtained reveal how the lengthwise fracture is influenced by the variable mass density. The effect of variation of 

some other parameters along with the thickness and length of the beam on the lengthwise fracture is also 

studied.   

 

 

Theoretical Model 
 

The functionally graded beam structure depicted in Figure 1 is analyzed in the current paper. The beam is 

moving in horizontal direction. The law of beam motion is given in Eq. (1). 

 
nts = ,           (1) 

 

where  t  is time, 
 
and n  are parameters, s  is horizontal axis (Figure 1).  

 

 
Figure 1. Beam structure with lengthwise crack 

 

The velocity, v , and the acceleration,
 
a , of the beam are found by Eqs. (2) and (3), respectively. 

 

            
1−== nnt

dt

ds
v  ,                                                                    (2) 

 

                                                                       ( ) 21 −−== ntnn
dt

dv
a  .                                                             (3) 

 

The inertia loading, q , in an arbitrary point, B ,  of the beam is obtained by Eq. (4).    

   

                                                                                  amq −= ,                                                                           (4) 

 

where m  is the mass density. Since the beam is functionally graded along both thickness and length, the mass 

density varies continuously in transversal and longitudinal direction. The mass density variation in transversal 

direction is given in Eq. (5). 
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                                                                              h

z
h

emm

+

=
2

 ,                                                                       (5) 

where 

                                                                               
22

h
z

h
− .                                                                        (6) 

 

Here, m  is the mass density in the upper surface of the beam,   is a parameter, z  is the vertical centric axis 

of the beam,  h  is the beam thickness. The quantity, m , varies along the beam length according to the law 

given in Eq. (7). 

                                                                              
l

x

D emm


 1= ,                                                                     (7) 

 

where 

                                                                                   lx 0 .                                                                          (8) 

 

Here, 1Dm  is the mass density in the left-hand end of the beam,    is a parameter, x  is the longitudinal 

centroidal axis of the beam,  l  is the beam length. Equations (4), (5) and (7) indicate that q  is a continuous 

function of the time, the transversal and longitudinal coordinates of the beam structure.   

 

 
Figure 2. Non-linear viscoelastic model 

 

The beam acted upon by the inertia loading exhibits non-linear viscoelastic behavior. The fully non-linear 

modification of the classical viscoelastic model of Maxwell depicted in Figure 2 is applied for dealing with the 

beam structure. Both components, i.e. the spring and the dashpot, of the viscoelastic model in Figure 2 have 

non-linear behavior that is described by the laws given in Eqs. (9) and (10), respectively. 

 

                                                                                 Er

EE E = ,                                                                        (9) 

                                                                                  


 
r= ,                                                                      (10) 

 

where E  and   are the stresses in the spring and the dashpot, E ,  , Er  and r  are material parameters, 

E  and   are the strains in the spring and the dashpot,   is the derivative with respect to time. The model is 

under stress,  , that is given in Eq. (11). 

 

                                                                                 
2−= nt ,                                                                        (11) 

 

where    is a parameter.            

  

It is evident that the stress in both components of the model in Figure 2 are equal to  , i.e. 

 

                                                                                
2−= n

E t ,                                                                       (12) 

 

                                                                                 

2−= nt  .                                                                      (13) 

 

The strain,  , in the viscoelastic model is found by using Eq. (14). 
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                                                                                 += E .                                                                       (14) 

 

By substituting of Eqs. (12) and (13) in Eqs. (9) and (10), we obtain 

 

                                                                              
2−= nr

E tE E  ,                                                                     (15) 

 

                                                                               

2−= nr
t 


 .                                                                     (16) 

 

From Eqs. (15) and (16), after some mathematical manipuiltions, we derive 

 

                                                                          
 

Er
n

E
E

t
1

2





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


=

−
 ,                                                              (17)

 

  
                                                                         








rnt
1

2





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


=

−

 .                                                               (18)
 

By integrating of Eq. (18), we have 

                                                             1

2
1

2
C

r

rn

t
r

rn

r

+
+−




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


=
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













 .                                                       (19) 

The integration constant, 1C , is determined by using the initial condition given in Eq. (20). 

 

                                                                                    0)0( = .                                                                      (20)

  

From Eqs. (19) and (20), we obtain 

                                                                                     
01 =C .                                                                          (21) 

 

Thus, Eq. (19) is written as 
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From Eqs. (14), (17) and (21), we obtain the stress-strain-time relation given in Eq. (23). 
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From Eq. (11), we have 

                                                                                 2−
=

nt


 .                                                                          (24) 

Finally, Eq. (24) is substituted in Eq. (23), i.e. 
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Equation (25) is applied for describing the non-linear viscoelastic behavior of the beam when analyzing the 

lengthwise fracture under the inertia loading. Since the beam is functionally graded along the thickness and 

length the material properties, E ,  , 
Er  and r , change continuously in both transversal and longitudinal 

directions. The following expressions describe this change.  

                                                                              h

z
h

E

eEE

+

=
2

 ,                                                                    (26) 
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=
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l
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D e


  1= ,                                                                   (31) 
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DEE

rE

err


 1= ,                                                                 (32) 

                                                                              
l

x

D

r

err


 1= ,                                                                 (33) 

 

where E ,  , Er  and r  are the values of E ,  , 
Er  and r  

in the upper surface of the beam, 
1DE , 1D , 

1DEr   and 1Dr  are the values of E ,  , Er  and r  are in the left-hand end of the beam, 
E ,  , 

rE , 

r , 
E ,  , 

rE  and r  are material parameters.   

 

As shown in Figure 1, the beam hosts a lengthwise crack of length, a . The thicknesses of the crack arms are 
1h  

and 2h  (Figure 1). The lengthwise fracture is studied by the J integral (Broek, 1986). The following expression 

is obtained: 

                                                                       321 RRR JJJJ ++= ,                                                                 (34) 
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Here, 01u , 02u  and 03u  are the specific strain energies in sectors,
 1R , 2R  and 3R , of the contour of 

integration, R . The latter is depicted in Figure 1. 1 , 2  and 3  are the angles between the outward normal 

vector and the contour of integration in sectors,
 1R , 2R  and 3R , the quantities, 1u , 2u  and 3u , are the 

horizontal displacements in the corresponding sectors of the counter, 1v , 2v  and 3v  are the vertical 

displacements, 1xp , 2xp  and 3xp  are the components of the stress along the horizontal axis in the 
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corresponding sectors of the contour, 1yp , 2yp  and 3yp  are the components of the stress along the vertical 

axis, ctds  is an elementary portion of the contour of integration.   

 

The specific strain energy, 01u , involved in Eq. (34) is derived by Eq. (38).  

 

                                                                                 = du01 .                                                                     (38) 

 

The strain,  , varies along the beam thickness according to Eq. (39).  

 

                                                                               ( )nzz −= 1 ,                                                                   (39) 

where 

                                                                                 
22

h
z

h
− .                                                                    (40) 

Here, 1  and nz  
are the curvature and the neutral axis coordinate, respectively. They are determined from Eqs. 

(41) and (41). 

                                                                                 =
)(

1

A

dAN  ,                                                                   (41) 

                                                                               =
)(

1

A

zdAM  ,                                                                   (42) 

 

where 
1N  and 

1M  
are the axial force and the bending moment induced by the inertia loading, A  is the area of 

the cross-section.  The other quantities involved in Eq. (35) are obtained as given below.             

                                                                                                                      

                                                                                 1cos 1 = ,                                                                        (43) 

                                                                                   =1xp ,                                                                         (44) 

                                                                                   =




Rx

u1
,                                                                        (45) 

                                                                                   01 =yp ,                                                                          (46) 

                                                                                  dzdsct = .                                                                        (47) 

       

 The axes, Rx  and 
Ry , are depicted in Figure 1.  

 

The quantities involved in Eqs. (36) and (37) are derived in a similar way. The integrals in Eqs. (35), (36) and 

(37) are solved by the MatLab. The integral J is found by Eq. (34). The lengthwise fracture in the beam under 

inertia loading is studied also by determining the strain energy release rate, G , through Eq. (48) for check-up of 

the J integral analysis.   

 

                                                                                 
bda

dU
G

*

= ,                                                                        (48) 

 

where  
*U  is the beam complementary strain energy, b  is the beam width. 

*U  is found by Eq. (49). 

 

                                                                             =
)(

*

0

*

V

dVuU ,                                                                   (49) 

 

where  
*

0u  is the specific complementary strain energy, V  is the beam volume.  The strain energy release rate 

agrees very well with J –integral which is a check-up of the analysis.  
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Parametric Exploration Results 
 

First, by using the integral J we explore how the lengthwise fracture in the functionally graded viscoelastic 

beam under inertia loading is influenced by the variable mass density. It is assumed that 200.0=a  m, 

015.0=b  m, 022.0=h  m, 011.01 =h  m, 011.02 =h  m, 900.0=l  m, 3.0=  and 5.2= .  

 

 
Figure 3. Variation of the integral J with   

 

The curves plotted in Figure 3 reveal the change of the integral J in non-dimensional form induced by change of 

parameter,  , at 3.0=  (curve 1),  6.0=  (curve 2) and 9.0=  (curve 3). As already mentioned, the 

parameters,   and  , govern the variation of the mass density along the thickness and length of the beam 

structure depicted in Figure 1. By inspecting the curves in Figure 3, we can conclude that growth of the values 

of   and    leads to substantial rise of the integral J.  

 

 

Figure 4. Variation of the integral J with 
E   

 

Further, it is explored how the lengthwise fracture in the beam is influenced by the variation of parameter, 
E  , 

at 2.0=E  (curve 1), 5.0=E  (curve 2) and 8.0=E  (curve 3). In this relation, the change of the 

integral J in non-dimensional form is depicted in Figure 4. The curves indicate a significant influence of both 

E  and E  on the lengthwise fracture in the beam (Figure 4). Increase of E  and E  reduces the integral J as 

can be observed in Figure 4.  
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Figure 5. Variation of the integral J with    

 

The influence of parameters,   and  , on the lengthwise fracture is explored too. The corresponding curves 

are depicted in Figure 5 (curve 1 is for 3.0= , curve 2  is for 5.0=  and curve 3 is for 8.0= ) . 

Since   and   are connected to variation of  , the curves in Figure 5 in fact reveal how by varying of   

we may influence the lengthwise fracture in the beam. It can be seen in Figure 5 that the growth of   and   

has a positive effect on the lengthwise fracture since the integral J reduces.  

 

 

Conclusion  
 

Lengthwise fracture in a functionally graded non-linear viscoelastic beam structure moving in horizontal 

direction is studied. The attention is focused on the problem of the influence of variation of the mass density on 

the lengthwise fracture (the mass density varies continuously along both thickness and length of the beam). The 

other material parameters of the beam also vary continuously. The beam with lengthwise crack is acted upon by 

inertial load. The integral J is solved. The analysis performed indicates that the lengthwise fracture is influenced 

substantially by the variation of the mass density. In particular, the growth of parameters,   and   , which 

govern the mass density variation in the beam structure leads to significant growth of the integral J. It is 

explored also how the lengthwise fracture is affected by parameters, 
E , 

E ,   and   (these parameters 

govern variation of E  and  ). Growth of 
E , 

E ,   and   influences positively the lengthwise fracture 

since it reduces the integral J.       

 

 

Recommendations 

 

The continuous variation of mass density has to be taken into account in lengthwise fracture analyses of moving 

functionally graded beam structures.  
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